
 
Ringhomomorphisms

A ring homomorphism is a map between rings that preserves
both the additive and multiplicativestructures

Def let R and S be rings
1 A ringhomomorphim is a function 4 R S s t
for all a be R

a 4 atb 4 a 4 b and

b 4 ab 4 a 4lb

2 The kernel of 4 is Kev4 at 12 461 0

i e the same as the kernel of 4 viewed as a group
homomorphism

3 A bijective ring homomorphism is an i m

Ex The map 4 12 Thz sending a to I is a ring
homomorphism

E The map 4h X Z defined 4h a ha is not in
general a ring homomorphism

If n t l them 4 l 1 n t n 4 1 4 l

This is however agroup homomorphism and we will

later see a R module homomorphism



Ex let R be a ring
Define 4 REX R by

4 f x f o That is f maps to its constant term

This is a homomorphism

KerY polynomials w zero constant term

Just as in the case of groups kernels and images of
homomorphisms are rings

Pep Let R and S berings and 4 R S be a homomorphism

1 im4 is a subring of S

2 her4 is a subring of R

PI We know im4 and Kev4 are subgroups so we just need to
checkthey're closed under multiplication

If 4 a 4lb C im4 then 4 a Y b 4 ab c im4

If a bakery thin 4 ab 4614lb O 3 abakery D

Quotientringstf
I is a subgroup of R then since R is an



abelian group I is normal in R so

PYI is a group

Question For which subrings I is VI also a ring

i e if we define att b I ab I when is this
well defined

i e we wanet that if i j c I then forany a beR

ati b j c abt I

But ati bi j abt aj tibtij

If a b O this says that ij c I That is we need
I to be closed under multiplication which means I
must be a ring

Setting a 0 and j O we get ibeI

Similarly we show that aj c I

That is this shows that if reR AEI then
ra c I and ar c I

Subrings that satisfy this property are called ideas



Def let R be a ring I C R a subring

1 If t r c R a c I we have ta c I then I is a left
ideal

2 If ar c I t a c I ve R then I is a rightindeed

3 If ar c I and ra c I f a c I reR then I is
a two si al or just an ideal

We just showed that if I ER is a subgroup set the

multiplication on MI is well defined then I is an

ideal In fact the converse holds

theorem let IER be a subgroup of a ring R Then
the multiplication on PTI

att b I abtI

is well defined and makes PYI a ring if and only
if I is an ideal a two sided ideal

PI We just need to show the implication
Assume I is an ideal

First we show the multiplication is well defined

Suppose a e a I b'cb I Then a a tr b bts somesreR



a'b a r bts abt ayftrybtrz.sn
E ab I

a b I ab I Thus the multiplication is

well defined

The operation is associative and distributive
since R is a ring Thus PYI is a ring D

Def when I is an ideal MI is called the quotient ring
of R by I

Analogous to normal subgroups I is an ideal it's
the kernel of some homomorphisms

Them 1 1stisomorphism theorem for rings If 4 R S is a

ring homomorphism then Kerry is an ideal of R and

Pkwy is isomorphic to im4

2 If I is any idealof R then the map
R PYI defined r WI

is a surjective ring homomorphism with kernel I

PI l we know KevY is a subgroup so we just need to show
that if a ckerf r c R then ar and ra c Kerry



4 ar 4 a 441 0 4 r 4 a 4 ra Thus Kerry is an

ideal

By the first isomorphism theorem of groups the map
Pypery im4 defined r I 4 r

is a well defined group isomorphism Moreover

r I STI rs It 4 rs 4 r 4 s so

it's a ring isomorphism

2 The map is a surjective homomorphism by construction
The kernel is the same as the kernel whenconsidering this
as a map of groups which is I D

In fact the remaining isomorphism theorems also hold for

rings see Dtt though the 1st is the mostimportant

Remarteriterien As mentioned in the proof above
in order to check that a subset I E R is an ideal
we justneedto check
I 0
If a bc I then a b c I

If a c I ve R then an c I and ra c I



Examples
1 For any ring R 03 and R are both ideals

2 For any he17 HR is an ideal of 7 If nf a then
h l ab t be 12 so ab c HR Sincethese are theonly
subgroups of R these must be the only ideals of 7

3 let R RCN Define I CR to be the set of polynomials
with no constant or linear term i e

I au ta Xt tanX ao a 0

Note that I is in fact an ideal it's closed under
subtraction and multiplication can't decrease the powers
of that appear i e if fc I GER where
f a zx't anam g butb Xt tbh x

thin fog azbox t higherdegree terms c I

What is PYI in this case
f I g TI f g c I f and g differ by a polynomial

whoseterms are of degree 22

i e if f aot a X tazx't tanxh then

f I au ta X 1 I If we write f to mean f I

then I auto That is each coset has a unique
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representative of the form at bx

we can add and multiply w representatives

t Fx 2tx 2tx


